The gravitational wave observations of colliding black holes have opened a new window into the unexplored extreme gravity sector of physics, where the gravitational fields are immensely strong, non-linear, and dynamical. 10 binary black hole merger events observed so far can be used to test Einstein's theory of general relativity, which has otherwise been proven to agree with observations from several sources in the weak-or static-field regimes. One interesting future possibility is to detect gravitational waves from GW150914-like stellar-mass black hole binaries with both groundbased and space-based detectors. We here demonstrate the power of testing extreme gravity with such multi-band gravitational-wave observations. In particular, we consider two theory-agnostic methods to test gravity using gravitational waves. The first test is the parameterized test where we introduce generic non-Einsteinian corrections to the waveform, which can easily be mapped to parameters in known example theories beyond general relativity. The second test is the inspiralmerger-ringdown consistency test where one derives the mass and spin of a merger remnant from the inspiral and merger-ringdown independently assuming general relativity is correct, and then check their consistency. In both cases, we use Fisher analyses and compare the results with Bayesian ones wherever possible. Regarding the first test, we find that multi-band observations can be crucial in probing certain modified theories of gravity, including those with gravitational parity violation. Regarding the second test, we show that future single-band detections can improve upon the current tests by roughly three orders of magnitude, and further 7-10 times improvement may be realized with multi-band observations. * /(3 − a MDR ) and a MDR = 2 − 3.
I. INTRODUCTION
Einstein's theory of General Relativity (GR), which elegantly relates the geometries of spacetime to the manifestation of gravity, has remained at its post as the prevailing theory of gravity for over 100 years. Throughout this era, GR has been subject to a plethora of tests in search for minute deviations which may point to alternative theories of gravity. As pointed out by Popper [1] , scientific theories such as GR can never be entirely proven, however alternative theories may be constrained. When subject to observations on the solar-system scale where gravity is weak and approximately static, such as photondeflection, Shapiro time-delay, perihelion advance of Mercury, and the Nordvedt effect [2] , GR has passed the tests with flying colors. Observations concerning the strong-field, static systems of binary pulsar systems [3, 4] similarly proved GR to be entirely consistent. On the large-scale side, cosmological observations [5] [6] [7] [8] [9] have also proven Einstein to be correct.
Most recently, a new window into gravity was opened upon the first observation of gravitational waves (GWs) from the coalescence of two black holes (BHs), dubbed GW150914 [10] by the LIGO and Virgo Collaboration (LVC). Events such as GW150914 allows for the unique opportunity to probe gravity in the strong-field, nonlinear, dynamical region (extreme-gravity) of the phasespace in question, and indeed when put to the test of GR, this event and the following 10 [11] have similarly identified no significant deviations from Einstein's theory [12, 13] .
With such a convincing case for the correctness of GR, why should we continue to search for divergences? While GR has been successful in its predictions of many observations, there are still multiple unsolved problems in physics which could potentially be solved with alternative theories of gravity. The unification of GR with quantum mechanics, dark matter and the rotation curves of galaxies, dark energy and the expansion of the universe, and the inflation of the early universe are all prevalent examples of unexplained phenomena which could be attributed to an alternative theory of gravity. Such a theory could then reduce to GR in the weak-field limit, while being active in the extreme-gravity regime. For this reason, binary BH inspirals with immense gravitational fields and velocities reaching ∼ 50% the speed of light could very well prove to be vital in probing such a theory's untested side.
With such a large array of proposed modified gravity alternatives, how does one go about determining which one most accurately describes nature? As always, we must rule them out one at a time with experimental observations. For example, weak-field observations of the solar system and binary pulsar systems have placed very stringent constraints on several scalar-tensor theories [14] [15] [16] [17] [18] [19] , as well as the spontaneous scalarization of neutron stars [20, 21] . There are some remaining theories that have not yet been strongly constrained -for example, theories with gravitational parity violation [22] [23] [24] which may not be activated in the weak-curvature systems currently studied. In this investigation, we study various modified theories of gravity, all of which affect the gravitational waveform with different dependence on the relative velocities of binary constituents, or gravitational wave frequencies.
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We currently live in a very exciting era of gravitational wave astronomy. With great success in both the past and on-going observing runs, many new ground-based GW interferometers are planned: several upgrades to the current LIGO infrastructure (Advanced LIGO, LIGO A+, LIGO Voyager) [25] , as well as new third-generation detectors like Cosmic Explorer (CE) [25] and the Einstein Telescope (ET) [26] , each with improved sensitivity in the 1 − 10 4 Hz range. While such detectors have been designed with incredible sensitivities that able to observe millions of events per year, with signal-to-noise ratios (SNRs) on the order of 10 3 [27] , they can not probe the sub-unity frequency bands dominated by compact binary early inspirals, supermassive BH binaries, white-dwarf binaries, etc. Space-based detectors such as LISA [28] , TianQin [29] , B-DECIGO [30] , and DECIGO [31] on the other hand, have long Mm-to Gm-scale arms which allow them to accurately probe the low-frequency 10 −4 − 1 Hz portion of the GW spectrum. While ground-based detectors are proficient at observing the late, high-frequency, high-velocity, merger-ringdown portion of stellar-mass binary BH gravitational waveforms, space-based detectors can probe the early, low-frequency, low velocity inspiral portion.
Shortly after the observation of GW150914, Sesana [32] pointed out that joint multi-band detections of GW150914-like events 1 could be made using both LISA and ground-based detectors, with multi-band detection rates on the order of O(1) [32, 36] . Such events would first be observed in their early inspiral stage by spacebased telescopes, until leaving the space-band at 1 Hz for LISA or TianQin for several months before entering the ground-band to eventually merge at ∼ 300 Hz. The early detections by space-based interferometers could give alert to electromagnetic telescopes [32] for follow-up observations, as well as ground-based detectors, allowing for potential sensitivity optimizations which could be used to improve upon tests of GR [37] . Similarly, ground-based observations will allow one to revisit sub-threshold spacebased data, effectively lowering the detection threshold SNR from 15 to 9 [38, 39] , and enhance the overall number of detections [34, 39] . Additionally, multi-band GW observations can improve upon the measurement accuracy of many binary parameters, specifically the masses and sky positions [34, [40] [41] [42] .
In this analysis, we demonstrate the improvements one can gain with multi-band observations for different tests of GR [40, [42] [43] [44] [45] . In particular, this paper is a follow-up of [44] , which studied two theory-agnostic ways of testing GR with GWs: (i) parameterized waveform tests [12, 13, 46] , and (ii) inspiral-merger-ringdown (IMR) consistency tests [12, 13, 47, 48] . We extend [44] by explaining our analysis in more detail and studying a variety of example theories of gravity, including 1 Multi-band GW observations are also possible for more massive binary BHs [33, 34] and binary neutron stars [35] .
Einstein-dilaton Gauss-Bonnet (EdGB) gravity, dynamical Chern-Simons (dCS) gravity, scalar-tensor theories, noncommutative gravities, theories with time-varying G, time-varying BH mass or modified dispersion relations.
A. Executive summary of results
Here we summarize our final results for busy readers. We begin by finding constraints on the parameterized post-Einsteinian (ppE) magnitude parameter β [46] , which describes the strength of a generalized deviation from the GR waveform A GR e iΨGR → A GR e i(ΨGR+βu b ) , where A GR and Ψ GR are the amplitude and phase of gravitational waveforms in the Fourier domain predicted from GR, u is the effective velocity of the binary BH system, and b categorizes the power of velocity at which the modified theory of gravity affects the waveform. Using Fisher analysis techniques [79] [80] [81] , we estimate the maximum magnitude β can take while remaining consistent with the statistical detector noises for GW150914-like [10] events observed on a ground-based detector (CE [25] ), space-based detectors (LISA [28] [28] , TianQin [29] , B-DECIGO [30] , and DECIGO [31] ), and the multi-band combinations thereof. We find that, as expected, spacebased detectors which are sensitive to low-frequencies (or small binary velocities) are most proficient at constraining β at small values of b, while ground-based detectors are most proficient at large values of b, which is consistent with e.g. [82] . When combining measurements from both types of detector, we find improvements across all values of b.
Following this, constraints on β can be mapped to the associated parameters of various theories of gravity identified by their value of b, as summarized in Table I . We see that EdGB, dCS, noncommutative gravity, and massive graviton (both dynamical and weak-field) theories can provide stronger constraints than the current best bounds found in the literature, displayed in the last column of Table I . For dCS in particular, multi-band GW observations are crucial in most cases to place meaningful bounds, which are more stringent than the existing bounds by ∼ 7 orders of magnitude.
Lastly, we offer a simplified (Fisher-analysis-based), predictive IMR consistency test [12, 13, 47, 48] for future GW150914-like events. This is done by computing the Gaussian posterior probability distributions between the remnant BH's mass M f and spin χ f obtained independently from both the inspiral (I) and merger-ringdown (MR) signals. Such distributions are then combined into the joint-probability distribution between non-GR pa-
f )| GR = (0, 0) being the GR value. We estimate the effective size of the 90% confidence region in Fig. 1 for ground based detectors, as well as the combination with different space-based detectors. The areas of such posterior probability distributions can be used to predict the amount of "wiggle" room a given non-GR TABLE I. Tabulated list of modified theories of gravity considered in this paper. The first column displays the modified theory of gravity in question, the second column indicates the post-Newtonian (PN) order (or ppE exponent b) at which the effect enters the gravitational waveform phase, and the third column identifies the appropriate parameters associated with the theory. The fourth column tabulates the estimated constraints on the above-mentioned theoretical parameter as if a GW150914-like event were detected on ground-based detector CE, while the fifth to eighth columns likewise display the same bound as observed by space-based detectors LISA, TianQin, B-DECIGO, and DECIGO (top), and again for the multi-band GW observations in combination with CE (bottom). Finally, the last column displays the current constraints on the theoretical parameters as found in the literature. Entries with a horizontal dash (in the fifth to eighth columns) correspond to bounds on parameters which do not satisfy the small-coupling approximation, indicating that no meaningful bounds may be placed. All GW bounds are derived from GW generation mechanism bounds, except for the last row, which comes from bounds on the GW propagation correction.
theory of gravity will have to become the correct theory of gravity with future detectors, as any separation of the two posteriors could indicate deviations from GR. Following suit with the previous analysis, we find that the ground-based detector is optimal at measuring the merger-ringdown portion of the signal, the space-based detectors are efficient at measuring the inspiral portion of the signal, and the combination of the two 2 proves to reduce the posterior sizes by up to an order of magnitude. The outline of the paper is as follows. We begin in Sec. II with a discussion on the gravitational waveform model, GW interferometers and the Fisher analysis techniques used in our analysis. In Sec. III, we review the formulation of parameterized tests of GR with GWs and display our results for the constraints on the parameters of example theories which impact the generation and propagation of GWs. Sec. IV provides an analysis on the IMR consistency test of GR. Finally, we conclude and offer avenues of future direction in Sec. V. Throughout this 2 Note that space-based detectors can not observe the mergerringdown phase of GW150914-like events. Thus, signals can only be combined for the inspiral portion of the signal.
paper, we have adopted the geometric units of G = 1 = c, unless otherwise stated.
II. FISHER ANALYSIS
GWs fill the observable universe, embedded with information describing their various sources. Detecting such waves however, is exceedingly difficult due to their weak interactions with matter. With strains on the order of 10 −21 [10] , these signals easily become lost in the detectors' noise arising from various technical details. One strategy commonly used to reveal these signals is known as matched filtering, where one effectively maximizes the correlations between the total signal output from the detector, and a chosen template waveform weighted by the detectors' spectral noise. In this section, we begin by discussing the gravitational waveform template in GR, followed by a description of the various future detectors and GW sources we consider, finished off with a description of the Fisher analysis techniques used to approximate parameter uncertainties. )), describing the difference in the remnant mass and spin predictions between the inspiral and merger-ringdown estimate for GW150914-like event using the GR templates. Here we display the results for LIGO O1 (Fisher and Bayesian [13] for comparison), CE, and the multi-band observations of CE and LISA, TianQin, B-DECIGO, and DECIGO. The areas of such confidence regions show the following: (i) good agreement within 10% between the Fisher and Bayesian analyses, (ii) three orders-of-magnitude improvement from LIGO O1 to CE, and (iii) up to an additional order-of-magnitude improvement with multi-band observations.
A. Gravitational waveform models and detectors
Accurate models of the gravitational waveform are crucial in the matched filtering process used to detect such signals, as well as in the extraction of observables from the signals. In this document, we consider the nonprecessing IMRPhenomD [83, 84] model in GR, which describes the IMR phases of the coalescence of BHs in a binary system. These waveform templates were developed from numerical relativity (NR) simulations described comprehensively in [83, 84] , and can be written in their general form as
Hereh is the Fourier-transformed waveform, f is the GW frequency, and A GR and Ψ GR are the amplitude and the phase respectively. The parameters θ a of the ppE waveform template (we consider sky-averaged waveforms in order to neglect the polarization and sky-location angles in our analysis) when considering phase modifications are as follows:
is a normalized amplitude factor with D L being the luminosity distance to the event, and M ≡ M η 3/5 is the chirp mass with M ≡ m 1 + m 2 and η ≡ m 1 m 2 /M being the total mass and symmetric mass ratio, φ c , t c are the phase and time at coalescence, and χ s,a = 1 2 (χ 1 ± χ 2 ) are the symmetric and anti-symmetric dimensionless spin parameters.
In the following analysis, we consider the observation of GW150914-like events on the third generation groundbased detector CE [25] in conjunction with the various proposed space-based design sensitivities of LISA [28] , TianQin [29] , B-DECIGO [30] , and DECIGO [31] . The noise spectral density S n (f ) of these interferometers can be found in e.g. Fig. 1 of [44] . Table II compares the various properties of each detector (low and high cut-off frequencies f low-cut and f high-cut and SNR for GW150914like events, arm length, and number of independent interferometers 3 ).
B. Parameter estimation
The most reliable, comprehensive method used to extract parameters from a given signal s = h t + n (the sum of the true gravitational waveform h t with true parameters θ a t and noise n), with known GW template h, is through a full Bayesian analysis. In such analyses, one reconstructs the full posterior probability distributions for parameters θ a , given a signal s. With such a large parameter space, this form of analysis proves to be quite computationally expensive, and infeasible when many samples are required. However, for large enough SNRs [85, 86] , a Fisher analysis [79] [80] [81] 87 ] may be used as a reliable approximation to the Bayesian analysis. Assuming that we have a perfect template (h = h t ), the SNR is given by the inner product of the waveform with itself, weighted by the spectral noise density S n (f ) of the detector:
where the inner product is defined as
We choose the limiting frequencies f low and f high from Eq. (4) as follows. For ground-based detectors, we choose the upper and lower integration frequencies as
where f low-cut is the detector lower cut-off frequency while the upper limit of 400 Hz was chosen such that the (5) and (6) for GW150914. The lower ground-based and upper space-based frequency limits correspond to the detector limits f low-cut and f high-cut , while the upper ground-based and lower space-based limits correspond to an arbitrary value such that the gravitational wave spectrum is sufficiently small compared to the detector sensitivity, and the GW frequency 4 years prior to merger. The GW150914 SNR is computed via Eq. (3).
gravitational wave spectrum 2 √ f |h| is sufficiently small compared to the detector sensitivity S n for GW150914like events. Similarly, for space-based detectors, we choose
where f high-cut is the detector higher cut-off frequency while
is the frequency T obs prior to merger. f high and f low are tabulated in Table II. In a Fisher analysis, we make the assumptions that the detector noise is stationary and Gaussian. Following Refs. [81, 87] , the noise follows the form
which, given a detected signal s = h t + n, is transformed to
where p (0) are the prior distributions on parameters θ a . The maximum-likelihood parametersθ a can be determined by maximizing the above distribution, resulting in
where ∆θ i ≡ θ i −θ i , and the Fisher matrix Γ ij is determined to be
with ∂ i ≡ ∂/∂θ i . When the prior distributions are absent, Eq. (10) is reminiscent of the multivariate Gaussian distribution about parametersθ i with variancecovariance matrix given by Γ −1 ij .
In this paper, we follow [79, 80, 87] and assume that the priors are Gaussian. Then, we define the effective Fisher matrix asΓ
where σ (0) θ a are the prior root-mean-square estimates of parameters θ a . The corresponding 1σ root-mean-square errors on parametersθ i can be written as
Correspondingly, if one utilizes information from multiple detectors A and B, the resulting Fisher matrix becomes
In the following investigation, we consider only GW150914-like [10] events, with masses (m 1 , m 2 ) = (35.8 M , 29.1 M ) and spins (χ 1 , χ 2 ) = (0.15, 0). The luminosity distance is scaled such that an SNR of ρ O2 = 25.1 would be achieved on the sensitivity for the LIGO/Virgo's 2nd Observing Run (O2) [88] . Fiducial values used for the other parameters are φ c = t c = 0. Finally, priors on the BH spins of |χ s,a | < 1 (σ (0) χs,a = 1) are imposed.
C. Detectability of GW150914-like events
In this section, we discuss the feasibility of detecting GW150914-like events using the space-based GW interferometer LISA 4 . As described in Refs. [38] , the standard threshold SNR of ρ th ∼ 8 can be reduced to ρ th ∼ 4 − 5 for LISA by revisiting sub-threshold events in prior LISA data with information from high-SNR events in the ground-based bands of e.g. CE. Moore et al. [39] later pointed out that a template-based search for LISA requires a much larger SNR threshold of ρ th ∼ 15, which can be further reduced to ρ th ∼ 9 in combination with ground-based detectors. However, such an estimation may be pessimistic, as non-template-based approaches may bring this threshold down further.
To demonstrate how well such events can be detected in either case, Fig. 2 displays the region in the (m 1 , m 2 ) parameter space where SNRs exceeds the threshold value of ρ th = 5 or 9 for both CE and LISA. Observe how in both cases, GW150914-like events with (m 1 , m 2 ) = (35.8 M , 29.1 M ) fall within the multiband detectability region defined by both ρ > 5 or ρ > 9. For LISA observations of GW150914-like events, the SNR of ρ = 9.3 only marginally falls within the larger threshold of 9, while the CE observation well exceeds both thresholds by ∼ 2 orders-of-magnitude. We refer to the discussion by Jani et al. [89] for a more in-depth analysis into the multi-band detection between third-generation detectors and LISA.
III. PARAMETERIZED TESTS OF GR
In this section, we study the first theory-agnostic test of GR, namely the parameterized tests. Several methods have been proposed to construct parameterized waveforms to capture non-GR effects. Here, we follow the parameterized post-Einsteinian (ppE) formalism [46] .
A. Formalism
While the waveform template explained in Sec. II A does not allow for deviations from GR, we modify it to allow for general phase and amplitude modifications entering at different post-Newtonian (PN) orders 5 . The ppE waveform template in Fourier space can therefore be written as
where u = (πMf ) 1/3 is the effective relative velocity of the gravitating bodies in a binary, (a, b) characterize the velocity dependence at which non-GR modifications of magnitude (α, β) enter the waveform in the amplitude and phase, respectively. For modifications to generation mechanisms, the ppE correction is only included in the inspiral portion of the waveform, while for those to propagation mechanisms, the correction is included in the IMR waveform throughout. The exponents a and b can be mapped to the familiar PN order n as b = 2n − 5, a = 2n.
The ppE formalism is highly advantageous, as it allows one to constrain the effects of any generic modification to GR into one parameter (i.e. β), controlled by the chosen power of velocity (b). By choosing the power b or a corresponding to the modified theory of gravity one wishes to study, the size of the effect (β or α) can be mapped to the corresponding theoretical constants. Below we primarily consider corrections in the phase because amplitude corrections are usually subdominant [57] . In App. A, we list all of the example theories considered in this paper in detail, together with the mapping between β and the theoretical constants.
Below, we carry out Fisher analyses as explained in Sec. II assuming that GR is the true theory of gravity in nature (i.e. choosing the fiducial value of the ppE parameter as β = 0) to estimate statistical errors on β for observing GW150914-like events with different detectors. Reference [90] showed that such analyses give very similar results to those from Bayesian analyses. We consider bounds on corrections to GW generation and propagation mechanisms in turn. We also map such bounds on generic ppE parameters to those on parameters in example modified theories of gravity 
B. Results
We next discuss our findings. We first show results for bounds on GW generation mechanisms, followed by those on GW propagation mechanisms. Figure 3 presents 90% upper credible level bounds on the generalized non-GR phase parameter β gen for generation mechanisms, and we show bounds on the amplitude parameter α gen in App. B. We consider CE, LISA, TianQin, B-DECIGO, DECIGO, and the combinations of each space-based detector with CE. Bounds are obtained for each half-integer PN order between −4PN and +3.5PN, with the exception of +2.5PN which observes complete degeneracies with the coalescence phase φ c . Additionally, the bound from O1 (LVC's 1st observing run) is taken from Ref. [90] for comparison.
GW generation mechanisms
We can make the following observations from the figure. First, notice that non-GR effects entering the gravitational waveform at negative-PN orders can be constrained most stringently by space-based detectors, while positive-PN effects are most proficiently constrained by ground-based detectors. The obvious exception being DECIGO, which bridges the gap between the two frequency bands and provides the strongest bounds at both positive and negative PN orders. Second, when one considers multi-band observations by combining both spaceand ground-based detectors, we see large improvements of up to a factor of 40 [44] across all PN orders. Now that constraints on the agnostic non-GR parameter β have been obtained, we apply them to the specific theories of gravity reviewed in App. A to constrain their theoretical parameters using various single-band and multi-band observations. Such bounds are obtained by simply selecting the constraints on |β gen | corresponding to the PN order associated with the desired modified theory of gravity, and finally mapping them to the theoretical parameters with the ppE expressions found in App. A. Figure 4 and the top panel of Fig. 5 display the 90% upper credible level limit on the associated parameters for theories that modify the generation of GWs: EdGB, dCS, scalar-tensor, noncommutative, varying-G, varying-M , and massive graviton theories with dynamical effects for both single-and multi-band detections of GW150914- like events. Additionally, the constraints are tabulated in Table I for each detector analyzed, along with the current strongest bounds from the literature. We summarize below our findings for each theory.
• EdGB, scalar-tensor: In both theories, corrections to the waveform were derived within the smallcoupling approximations, in which non-GR corrections are assumed to be always smaller than the GR contribution. Bounds on the theoretical constants (square-root of the coupling constant √ α EdGB for EdGB gravity and the time-variation of the scalar fieldφ for scalar-tensor theories) both satisfy the small-coupling approximations for every detection scenario, however only √ α EdGB can improve upon the current strongest bound of 2-6 km [52] [53] [54] [55] [56] [57] , for both space-based and multi-band detections.
• dCS: Similar to EdGB and scalar-tensor theories, corrections to the waveform have been derived within the small-coupling approximation. Constraints placed on the parity-violation constant √ α dCS with CE, LISA, TianQin, and B-DECIGO fall short of the small-coupling approximation, and thus are not reliable for GW150914-like events. One can place valid constraints only when multiband detections are made, improving upon the current constraint of 10 8 km [59, 60] by ∼7 orders-ofmagnitude.
• noncommutative: Bounds on the noncommutative parameter √ Λ can slightly be improved upon the current most stringent bound of 3.5 [64] with multiband observations.
• varying-M : Constraints on the time-variation of the total black hole massṀ (motivated not only by astrophysical gas accretion, but also by a classical evaporation in a braneworld scenario [91, 92] or dark energy accretion [93] [94] [95] ) are below that of the Eddington accretion rate for BHs in GW150914like events for B-DECIGO(+CE), DECIGO(+CE), and LISA+CE multi-band detections. Fig. 4 , but for constraints on the graviton mass in the dynamical, generation mechanism regime (top), and in the weak-field, propagation mechanism regime (bottom).
in G are still much weaker than other existing bounds [68] [69] [70] [71] . 6 • massive graviton (dynamical): CE bounds (from modifications in the inspiral) on the mass of the graviton are comparable to GW150914-bounds from ringdown [76] while bounds from space-based detectors can be comparable to those from binary pulsars [77] .
Finally, we comment that, similar to the constraints on β, theories that modify GR at negative-PN orders (EdGB, scalar-tensor, varying-G, varying-M , and dynamical massive graviton) are more strongly constrained by space-based detectors, while positive-PN theories (dCS and noncommutative) observe stronger bounds with ground-based detectors.
GW propagation mechanisms
We next move on to studying bounds on the ppE phase parameter β prop from the GW propagation mechanisms (bounds on the ppE amplitude parameter α prop are shown in App. B). Figure 6 presents bounds on β prop against each PN order at which the correction enters. We only show bounds on positive PN orders because 6 Space-based bounds can be comparable with current strongest bound for GW observations of supermassive BH binaries [66] .
all of the example theories discussed in App. A 2 show such a feature. Observe that bounds placed with CE dominate those by space-based detectors, with little improvement via multi-band observations. These bounds on β prop can easily be mapped to those on the magnitude A of the correction to the graviton dispersion relation using Eq. (A11), as shown in Fig. 11 in App. B. While these constraints may be used to compute bounds on a variety of propagation mechanism non-GR effects, we here focus on the case of massive gravitons with A = m 2 g and a MDR = 0, now in the weak-field regime. The bottom panel of Fig. 5 displays such bounds for each detector considered. We observe that CE places the strongest constraints out of all single-band observations 7 . When combined to make multi-band detections, we see an improvement on the graviton mass bound, with more than an order-of-magnitude reduction from the current solar system bound of 6 × 10 −24 eV [100].
IV. INSPIRAL-MERGER-RINGDOWN CONSISTENCY TESTS
Let us now move onto the second theory-agnostic test of GR with GWs, namely the IMR consistency tests of the remnant BH.
A. Formalism
While two GW150914-like stellar-mass BHs in a binary system inspiral together via GW radiation, spacebased GW interferometers can effectively probe the inspiral portion of the waveform, occurring at low frequencies.
Once the separation distance between the bodies become close enough, they fall into a plunging orbit until finally they merge, forming a common horizon which will settle down via radiation of quasi-normal modes [101, 102] -a high-frequency merger-ringdown signal which is best observed by ground-based GW detectors. The remnant BH with mass M f = M f (m 1 , m 2 , χ 1 , χ 2 ) and spin χ f = χ f (m 1 , m 2 , χ 1 , χ 2 ) (provided by NR fits in Refs. [84] ) can then be entirely described by the same two parameters, in accordance with the BH no-hair theorems.
Using only the inspiral portion of the signal, the final mass and spin of the remnant BH can be uniquely estimated using predictions of the initial mass and spin parameters m 1 , m 2 , χ 1 , and χ 2 , while having no information about the merger-ringdown portion. The opposite is also true: the final mass and spin may be predicted from the merger-ringdown portion of the signal with no accompanying information about the inspiral. Assuming the SNR is sufficiently large 8 for both the inspiral and merger-ringdown waveforms, the estimates of (M I f , χ I f ) should agree with those of (M MR f , χ MR f ) within the statistical errors, assuming that GR is the correct theory of gravity. This test, known as the IMR consistency test [12, 13, 47, 48] enables one to detect emergent modified theories of gravity, manifesting themselves as a difference between the remnant BH parameters (M f , χ f ), as computed from the inspiral, and merger-ringdown portions of the waveform individually. Such a test can be performed by computing the two-dimensional posterior probability distributions P I (M f , χ f ) and P MR (M f , χ f ) from each section of the waveform. The overlap of such distributions can determine how well GR describes the observed signal.
The agreement between the two above distributions is typically measured by transforming to the new parameters and σ, describing the departures ∆M f and ∆χ f from the GR predictions of final mass and spin from the inspiral and merger-ringdown, normalized by the aver-ages between the twoM f andχ f [103] ≡
The probability distributions P I (M f , χ f ) and P MR (M f , χ f ) can be transformed to P ( , σ) by following the Appendix of Ref. [103] , resulting in the final expression given by:
Finally, the consistency of the posterior probability distribution with the GR value of ( , σ)| GR ≡ (0, 0) will determine the agreement of the signal with GR. Any statistically significant deviations from the GR value may uncover evidence of modified theories of gravity present in any portion of the GW signal. To date, all observed GW signals have been found to be consistent with GR [12, 13, 47, 48, 103] .
While most similar tests are performed through a Bayesian statistical analysis [12, 13, 47, 48, 103] , here we offer a new method using the Fisher analysis techniques described in Sec. II that is computationally less expensive. Namely, for each of the inspiral and mergerringdown portions of the waveform, we first derive posterior distributions of parameters
using the Fisher analysis method. Next, we marginalize over the first three parameters to find the posterior distributions for (m 1 , m 2 , χ 1 , χ 2 ). Marginalization over a given parameter is typically accomplished by integration over the full range of values, or in the case of multivariate Gaussian distributions by simply removing the corresponding row and column from the covariance matrix Σ ij ≡ Γ −1 ij . Finally, using the Jacobian transformation matrix and the NR fits provided in Ref. [84] , the two-dimensional Gaussian probability distributions
What are the limitations of the Fisher analysis? Below, we will only use the GR gravitational waveform, which corresponds to injecting the GR waveform and also recovering it with the GR waveform. Such a method does not allow us to estimate the systematic errors, and thus the final distribution is always centered around the true GR value, which is not the case in a real analysis [12, 13] . Moreover, the posterior distribution from the Fisher method is always Gaussian, and thus a 90% credible contour in a two-dimensional parameter space is always given by an ellipse, which is also not true in reality.
However, what a Fisher analysis can accurately describe is the size and direction of correlation of the posterior distributions for ( , σ), which are of high value when predicting the future resolving power from the GR value of (0, 0). Throughout this analysis, we consider the area of the 90% confidence region as a metric of the discriminatory power one can gain upon use of this test with ground-based, space-based, and multi-band detections. Such information may be used to gain valuable insight on how well future observations can discern GR effects from non-GR effects. In this investigation, we choose 132 Hz to be the separating frequency between the inspiral and merger-ringdown portions of the signal, as was chosen in Ref. [12] . Figure 7 displays the 90% confidence regions of the remnant mass and spin predictions from the inspiral, merger-ringdown, and full waveforms as detected on LIGO O1, in comparison with the Bayesian results of Ref. [13] . Here we see good agreement between the probability distributions, in both the direction of correlation, and the area of the 90% confidence regions -the latter agreeing to within 10% for all contours considered. We [13] (dashed) for comparison. We observe good agreement between the two analyses in both the direction of correlation, and in the overall areas, which agree to within 10% for all three distributions.
B. Results
note that the agreement between the inspiral and mergerringdown probability distributions indicates the degree of consistency with GR.
Next, we follow Ref. [103] to transform the individual inspiral and merger-ringdown probability distributions into the joint probability distribution between new parameters ( , σ) via Eq. (19) . These quantities determine the remnant mass and spin (predictions assuming GR) discrepancies ∆M f and ∆χ f between the inspiral and merger-ringdown waveforms, normalized by the averages between the twoM f andχ f . Figure 1 displays the estimated 90% credible regions in the − σ plane for GW150914-like events observed on the following detectors: LIGO O1 (Fisher and Bayesian 9 [13] ), CE, and the multi-band observations between CE and TianQin, LISA, B-DECIGO, and DECIGO 10 . The consistency of such distributions with the GR value of (σ, )| GR = (0, 0) gives insight into how well the entire waveform agrees with GR, while any statistically significant deviations may indicate non-GR effects. Now we quantify the resolving power gained for each single-band and multi-band observation, describing how Fig. 7 for GW150914-like events, obtained from a Fisher analysis (blue cross). We report good agreement within 10% between the LIGO O1 Fisher and Bayesian [13] (red star) results. We also observe up to three orders-of-magnitude of improvement from the results of LIGO O1 to CE, and a further improvement of 7-10 times upon the use of multi-band observations. effectively one can discriminate between GR and non-GR effects. To do this, we compute and compare the areas of the 90% confidence regions as a metric towards this resolution. Figure 8 presents these areas for LIGO O1 (Fisher and Bayesian [13] ), CE, and the multi-band observations with CE and TianQin, LISA, B-DECIGO, and DECIGO.
Here we observe three important features. First, the results obtained here for LIGO O1 agree very well (within 10%) with the Bayesian analysis of Ref. [13] , showing good validity of our Fisher-estimated analysis. Second, we observe almost a three-order-of-magnitude improvement upon the use of CE from the results of LIGO O1. Third, we see additional gains in resolving power by a factor of 7-10 upon the use of multi-band observations.
V. CONCLUSION AND DISCUSSION
In this paper, we have highlighted the power in utilizing multi-band observations of GWs to test GR. We began by performing parameterized tests of GR by considering generalized modifications to the GW phase, finding that multi-band observations can provide constraints reaching up to 40 times stronger than their single-band counterparts. Such constraints were applied to the specific cases of EdGB, dCS, scalar-tensor, noncommutative, varying-G, varying-M , and massive graviton theories of gravity, resulting in constraints on the theories' associated parameters. In particular, we find that constraints placed on the EdGB, dCS, noncommutative, and massive graviton non-GR effects show improvement upon the current constraints (by up to seven orders-of-magnitude for dCS gravity) found in the literature when making use of multi-band detections.
We next investigated the consistency between the inspiral and merger-ringdown portions of the gravitational waveform, in the so called "IMR consistency test". We demonstrated the resolving power gained upon the use of multi-band observations, finding up to an order-ofmagnitude improvement relative to the single-band detections made by ground-based detectors alone. Such an improvement gives way to the enhanced opportunity to shed light on even the most minuscule deviations from GR in the extreme gravity regime.
While this work demonstrated the large gains one can make on testing GR upon the use of multi-band observations, the analysis can be improved in numerous ways. One example of such improvements would be to consider a full Bayesian analyses rather than the Fisher analysis used here -although it was found that our results agree well with their Bayesian counterparts. Additionally, one can simulate the multi-band event rates discussed in Refs. [32, 34, 36] to combine the signals and further reduce the systematic errors residing in our bounds on non-GR theoretical parameters. Finally, we can use the results in App. B to consider alternative theories of gravity which modify the GW amplitude rather than phase, such as the GW amplitude birefringence in parityviolating gravity [105] [106] [107] [108] .
traveling at the speed of light. And last, the four dimensional spacetime (4D) pillar, which conveys that the universal spacetime is composed of only four dimensions: 3 spatial and 1 temporal. Theories which violate these fundamental pillars of GR can be broadly cataloged into two groups:
• Modifications to GW generation mechanisms: These modifications to GR alter how GWs are formed, and are active only during the coalescence event, with non-zero time derivatives of the source multipole moments. Because of this, these theories depend only on the local properties of the source, such as the masses and spins.
• Modifications to GW propagation mechanisms: These modifications alter the speed or dispersion relations of GWs themselves, and are only active during their travel between their source and Earth. Because of this, such theories depend on global properties such as the luminosity distance D L to the event.
In the following subsections, we provide a brief description of the modified theories of gravity considered in this investigation, together with the mapping between the ppE parameter β and the theoretical parameters. We point the reader towards the more comprehensive analyses of Refs. [73, 90, 109] for more complete descriptions of each theory.
Generation mechanism modifications
a. EdGB gravity EdGB gravity is a string theory inspired gravity in which an additional scalar field φ non-minimally couples to a quadratic curvature term in the action [49] . In this SEP-violating theory, scalar monopole charge is then accumulated on BHs -inducing scalar dipole radiation and ultimately accelerating the rate of inspiral between the gravitating bodies. The primary coupling factor in this theory is α EdGB . The mapping between β EdGB and the coupling parameter α EdGB is given by [50] β EdGB = − 5 7168
In the above expression, s EdGB
are the dimensionless EdGB BH scalar charges normalized by the masses [73, 110] , where χ i ≡ | S i |/m 2 i are the dimensionless spins of BHs with spin angular momentum S i . The ppE exponent is b = −7 in this theory, which means that the leading correction enters at −1PN order. We also note that here, it is assumed that the small coupling approximation ζ EdGB ≡ 16πα 2 EdGB /M 4 1 is satisfied, else meaningful constraints on α EdGB may not be placed. Current constraints on √ α EdGB are 10 7 km [51]
(solar system) and 2 km [52-57] (theoretical; low-mass X-ray binaries; GWs).
b. dCS gravity
Similar to EdGB gravity, dCS gravity is a SEPviolating effective field theory which modifies the Einstein-Hilbert action with a quadratic curvature term called the Pontryagin density, which violates parity, and is non-minimally coupled to a scalar field [22, 24] . Scalar dipole charge is accumulated on the BHs, inducing scalar quadrupole radiation which in turn accelerates the inspiral. The magnitude of the correction is proportional to the dCS coupling parameter α dCS . The mapping between β dCS and α dCS can be written as [55] β dCS = − 5 8192
where the dimensionless BH scalar charge can be written as s dCS
. The ppE exponent is b = −1, which corresponds to a +2PN correction. We also note that once again the small coupling approximation ζ dCS ≡ 16πα 2 dCS /M 4 1 must be satisfied in order to place meaningful constraints on √ α dCS . Current constraints on √ α dCS are obtained from solar system and Scalar-tensor theories which violate the SEP include a coupling into the Einstein Hilbert action, where the Ricci scalar R is multiplied by some function of the scalar field φ. If such a scalar field is time-dependent with a growth rate ofφ (for example, from a cosmological background [61, 62, 111] ), BHs will accumulate scalar charges which accelerate the inspiral. The mapping between β ST andφ is given by [61, 62] 
where the dimensionless BH scalar charges s ST i are given by s ST i ≡ (1 + 1 − χ 2 i )/2 [61] . The ppE exponent b = −7 is the same as the EdGB case and the correction enters in the waveform at −1PN order. We also note here that once again the small coupling approximatioṅ φ m i 1 must be upheld for meaningful constraints to be extracted. The current most stringent constraint oṅ φ is 10 −6 s −1 [61] obtained from the orbital decay of a supermassive BH binary OJ287.
d. Noncommutative gravity (NC)
Noncommutative theories of gravity [63] have been proposed to quantize the spacetime coordinates, which have been promoted to operators [112] x µ , in order to eliminate the quantum field theory ultraviolet divergences. Such theories have the ultimate goal of unifying the theories of GR and quantum mechanics. The spacetime operators as such, satisfy the familiar canonical commutation relations
where θ µν quantifies the "fuzziness" of spacetime coordinates, similar to the reduced Planck's constant in quantum mechanics. Within this non-commutating formalism, we strive to constrain the scale of quantum spacetime. A useful parameter to do so normalizes the magnitude of θ µν to the Planck length and time scales l p and t p : Λ 2 ≡ θ 0i θ 0i /l 2 p t 2 p . The Lorentz-violating effects from noncommutative gravity enters the gravitational waveform at +2PN order (b = −1), and has the ppE phase correction given by [67] 
The current constraints on the scale of quantum spacetime √ Λ come from the GW observation of GW150914, found to be √ Λ < 3.5 [64] , which is on the order of the Planck scale.
e. Time-varying G theories
The gravitational constant G may vary with time at a rate ofĠ, producing an anomalous acceleration of the binary system. In this SEP-violating theory, the mapping between βĠ andĠ is given by [66, 67] 4PN order) . Here, the sensitivities are given by s i ≡ − G C δG C δmi mi , and δĠ ≡Ġ D −Ġ C is the difference between the variation rate in the dissipative gravitational constant G D (entering in GW luminosity), and the conservative one G C (entering in Kepler's law) 11 . For simplicity, we assume δĠ = 0, so that the rate of change for both dissipative and conservative gravitational constants is equivalent:Ġ C =Ġ D =Ġ. The current strongest constraint on |Ġ| is (0.1 − 1) × 10 −12 yr −1 [68] [69] [70] [71] . 11 See a recent paper [113] that also introduces the two different gravitational constants.
f. Time-varying BH mass theories
Some (4D-pillar-violating) modified theories of gravity as well as astrophysical processes predict time-variation in the BH mass,ṁ A . Many of the string-inspired models suggest that our four-dimensional brane spacetime is embedded in larger dimensional bulks [73, [114] [115] [116] [117] . One example is the RS-II [117] "braneworld" model by Randall and Sundrum, in which BHs may evaporate classically [91, 92] 12 . The evaporation rate is proportional to the size l of the extra dimension, which has previously been constrained to (10 − 10 3 ) µm [120] [121] [122] [123] [124] . Such a modification to the BH mass enters the waveform at −4PN order (b = −13), and βṀ can be mapped toṀ via [72] 
The evaporation rate of the binary systemṀ can be written as a function of l [73, 125] in the RS-II model, or mapped to any other desired model. Alternatively, BH mass losses can be explained by cosmological effects such as the accretion of dark (or "phantom") energy [93] [94] [95] . For comparison purposes, we compute the astrophysical Eddington mass accretion rateṀ Edd at which the BH radiates the Eddington luminosity L Edd . For a GW150914-like binary BH, it is found to beṀ Edd = 1.4 × 10 −6 M /yr.
g. Dynamical graviton mass
The "dynamical massive graviton" theory [74] (violating the massless graviton pillar of GR) models the graviton's mass to be smaller than all current constraints in weak gravity regions (see Sec. A 2 a below), while becoming much larger in dynamical, strong-field spacetimes such as in the presence of binary BH mergers. As such, this theory enters the gravitational waveform as a generation modification, rather than the usual propagation mechanism. Here, we offer a new ppE correction to the gravitational waveform via the fractional discrepancy between the observed and predicted decay rates of the binary system's periodṖ found in Ref. [75] . In particular, we focus on a class of massive gravity theories that correctly reduces to GR in the limit m g → 0 (via the cancelation of the Boulware-Deser ghost and the longitudinal mode [126] ) by abandoning Lorentz invariance [75] . We found that such an effect enters the waveform at −3PN order (b = −11), with the correction given by β mg = 25 19712
where F (e) is a function of the eccentricity (Eq. (4.11) of Ref. [75] ), taken to be 1 for our analysis (corresponding to quasi-circular binaries). Current constraints on the dynamical graviton mass have been found to be 5.2 × 10 −21 eV from binary pulsar observations [77] , and ∼ 10 −14 eV from GW measurements [76] .
Propagation mechanism modifications
Modifications to the propagation of GWs activate during their transport between the binary coalescence source and Earth. As such, these modifications typically violate the LI and m g pillars of gravity, and describe corrections to the frequency dispersion of GWs, which in turn modifies the propagation speed of GWs. These modifications depend primarily on the distance between the binary and Earth.
a. Modified dispersion relations (MDR)
In general, the dispersion relation for GWs with modified theories of gravity takes the following form [78] :
where E and p are the graviton's energy and momentum, a MDR is related to the PN order via n = 1 + 3 2 a MDR , and A corresponds to the strength of the dispersion. The mapping between (β MDR , b) and (A, a MDR ) is given by [78] β MDR = π 2−aMDR 1 − a MDR 
Here, z is the redshift, λ A ≡ hA 1/(aMDR−2) is similar to the Compton wavelength with Plank's constant h, and the effective distance D a is given by [78, 90] 
where H 0 = 67.9 km sec −1 Mpc −1 is the local Hubble constant, and Ω M = 0.303, and Ω Λ = 0.697 are the energy densities of matter and dark energy [127] .
In this paper, we mainly investigate bounds on the specific case of the massive graviton [96, [128] [129] [130] (propagation), where A = m 2 g and a MDR = 0. The current constraints on the graviton mass have been found to be 6 × 10 −24 eV [13, 100] from solar-system constraints (Yukawa-like corrections to the binding energy and Kepler's law), 5×10 −23 eV [13] from the combination of GW signals from the LVC catalog (GW propagation modifications), and ∼ 10 −14 eV [76] or 5 × 10 −21 eV [77] from GW150914 and binary pulsars respectively (GW generation modifications). Stronger bounds have been obtained from cosmological observations (see e.g. [126, 131, 132] ).
Additionally, we offer general constraints on A in App. B, applicable to many alternative theories of gravity with modified dispersion relations. Some examples of these include [78, 90] • Double special relativity [133] [134] [135] [136] with A = η dsrt and a MDR = 3;
• Extra-dimensional theories [137] with A = −α edt and a MDR = 4;
• Hořava-Lifshitz Gravity [138] [139] [140] [141] Fig. 3 , but for generation effects αgen entering the GW amplitude. Observe how for the case of amplitude corrections, multi-band observations do not provide for much improvement over space-based detectors for negative-PN orders, and ground-based detectors for positive-PN orders. . Such bounds are computed from the ppE parameter for propagation mechanisms βprop for GW150914-like events on various space-and groundbased detectors, and the combination of the two. Constraints on modifications to GR can be found by selecting a value of α and mapping A to its corresponding form, e.g. for massive gravitons with aMDR = 0 and A = m 2 g , with bounds displayed in Table I and Fig. 5 .
